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1. Introduction
Jordan -von Neumann 1935 ,
, Banach X
$\frac{1}{2}\leq\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(||x||^{2}+||y\Vert^{2})}\leq 2$, $\forall(x, y)\neq(0,0)$
. Clarkson [4] 1937 Banach
.
$\frac{1}{C}\leq\frac{\Vert x+y\Vert^{2}+\Vert_{X-\uparrow j}\Vert^{2}}{2(\Vert x||^{2}+||y\Vert^{2})}\leq C$ , $\forall(x,y)\neq(0,0)$
$C$ von Neumann-Jordan (NJ) , $C_{NJ}(X)$ .
,
$C_{NJ}(X)= \sup\{\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(||x||^{2}+||y\Vert^{2})}$ $x,$ $y\in X\}$
. . , Jordan $-$ von
Neumann Banach $1\leq C_{N.J}(X)\leq 2$ , Hilbert
$C_{NJ}/(X)=1$ . , Clarkson [4] ,
Clarkson $U$ NJ . - [6] ,
$\mathbb{C}^{2}$ absolute normalized nornl NJ ,
.
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NJ ,
: . , G. Zb $\dot{a}$ganu[3]
$C_{Z}(X)= \sup\{\frac{\Vert x+y||\Vert x-y\Vert}{\Vert x\Vert^{2}+\Vert y\Vert^{2}}$ $(x, y)\neq(0,0)\}$
, NJ ,
([2]).
, $J$ . Alonso, P. Martin $-$ P. L. Papini [1]
.
Definition 1.1. ([1]) $X$ Banach . $NJ$
$C_{NJ}’(X)$
$C_{NJ}’(X)= \sup\{\frac{\Vert_{\backslash }\cdot \mathfrak{r}+y\Vert^{2}+\Vert x-y\Vert^{2}}{4}$ $x,$ $y\in S_{X}\}$
.
[6] , $\mathbb{C}^{2}$ absolute normalized
norm $C_{N./}’(X)$ .
2. $C_{NJ}(X)$ $C_{NJ}(X),$ $J(X)$
,
$1\leq C_{NJ}’(X)\leq C_{N.l}(X)\leq 2$ ,
$\frac{J(X)?arrow}{2}\leq C_{N.J}’(X)$
. $C_{NJ}’(X)<2$ X uniformly non$- squai\cdot e$
.
$\forall x,$ $y\in S_{X},$ $\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}=4$
Hilbert [5] , $C_{NJ}’’(X)=1$ X Hilbert
.
J. Alonso, P. Martin -P. L. Papini [1] $C_{NJ}’(X)$ , 2.1,
23 22 .
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Theorern 2.1. $X$ Ba7$\iota$ (xCh J-$\acute|\llcorner$.$\acute$. .
$C_{J}^{\gamma}NJ(X)\leq 2(1+C_{NJ}’(X)-\sqrt{2C_{NJ}’(X)})\leq 2$ .








. $x,$ $y\in s_{x}$ ,
$\delta_{X}(\Vert x-y\Vert)\leq 1-\frac{\Vert x-y\Vert}{2}$
$\frac{\Vert_{X+\uparrow/}\Vert^{2}+\Vert x-y\Vert^{2}}{4}\leq\frac{\Vert x-y\Vert^{2}}{4}+(1-\delta_{X}(\Vert x-y\Vert))^{2}\leq\kappa$ .
$\mu$ $\Vert x-y\Vert=\epsilon$
$1- \frac{\Vert x+y\Vert}{2}\leq\delta_{X}(\epsilon)+\mu$
$x,$ $y\in 6^{Y}x$ ,
$C_{NJ}’(X) \geq\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{4}\geq\frac{\epsilon^{2}}{4}+(1-\delta_{X}(\epsilon)-\mu)^{2}$
. $l^{l}$ $C_{NJ}’(X)\geq\kappa$ . ,
$C_{NJ}’(X)=\kappa$ .
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Theorem 2.3. $X$ Banach . $C_{NJ}’(X)\leq J(X)$
Remark 2.4. $[0,1]$ $1+t-\sqrt{2t}$ ,
$C_{NJ}(X) \leq 2(1+C_{NJ}’(X)-\sqrt{2C_{NJ}’(X)})\leq 2(1+J(X)-\sqrt{J(X)})\leq 1+\frac{J(X)^{2}}{4}$
.
3. $C^{2}$ C’NJ $($X $)$
$\mathbb{C}^{2}$ norm $\Vert\cdot\Vert$ absolute , $(z, w)\in \mathbb{C}^{2}$
$\Vert(|z|, |w|)\Vert=\Vert(z, w)\Vert$
. , $\Vert\cdot\Vert$ normalized $\Vert(1,0)\Vert=\Vert(0,1)\Vert=1$
. , $l_{p}$-norm absolute normalized . $AN_{2}$ $\mathbb{C}^{2}$ absolute
normalized $iioi\cdot m$ $\Vert\cdot\Vert\in AN_{2}$
$\psi(t)=\Vert(1-t, t)\Vert(()\leq t\leq 1)$
. $\psi$ [0,1] j-$arrow$-, $\psi(0)=\psi(1)=1$ $\max(1-t, t)\leq$
$\psi(t)\leq 1$ . $\Psi_{2}$ . $\psi\in\Psi_{2}$
$\Vert(z, w)\Vert_{\psi}=\{\begin{array}{ll}(|z|+|\prime w|)\psi(\frac{|w|}{|z|+|u||}) ((z,w)\neq(0,0))0 ((z,w)=(0,0))\end{array}$
$\Vert\cdot\Vert_{\psi}\in AN_{2}$ $\psi(t)=\Vert(1-t, t)\Vert(0\leq t\leq 1)$ . $AN_{2}$
$\Psi_{2}$ 1 1 .
$\psi,$ $\varphi\in\Psi_{2}$ $\psi(t)\leq\varphi(t)(0\leq\forall t\leq 1)$ $\psi\leq\varphi$ . ,
$\psi_{2}(t)=\Vert(1-t, t)\Vert_{2}=\sqrt{(1-t)^{2}+t^{2}}$ , $M_{1}= \max_{0\leq t\leq 1}\frac{\psi(t)}{\psi_{2}(t)}$ , $M_{2}=0 \leq t\leq\ln\}ax\frac{\psi_{2}(t)}{\psi(t)}$
. - - $[$6 $]$ .
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Theorem 3.1. $\psi\in\Psi_{2}$ . $\psi\geq\psi_{2}$ $C_{NJ}((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{1}^{2_{J}}$
, $\psi\leq\psi_{2}$ $C_{NJ}((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{2}^{2}$ .
$F_{7}\cdot oof\cdot$. $\psi\geq\psi_{2}$ , $x,$ $y\in(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi})$
$\Vert x+y\Vert_{\psi}^{2}+\Vert x-y\Vert_{\psi}^{2}\leq M_{1}^{2}(\Vert x+y\Vert_{2}^{2}+\Vert x-y\Vert_{2}^{2})$
$=2M_{1}^{2}(\Vert x\Vert_{2}^{2}+\Vert y\Vert_{2}^{2})$
$=2M_{1}^{2}(\Vert x\Vert_{\psi}^{2}+\Vert y\Vert_{\psi}^{2})$ .
$\frac{\Vert x+y\Vert_{\psi}^{2}+\Vert x-y\Vert_{\psi}^{2}}{2(||x||_{\vee)}^{2}+||y\Vert_{\psi}^{2})}\leq M_{1}^{2}$ .
, $C_{NJ}(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))\leq\Lambda I_{1}^{2}$ . , $\psi(t)/\psi_{2}(t)$ $[0,1]-t-$
, $M_{1}=\psi(t_{1})/\psi_{2}(t_{1})$ $t_{1}(0\leq t_{1}\leq 1)$ , $t_{1}$
$x_{1}=(1-t_{1},0),$ $y_{1}=(0, t_{1})$




$=2M_{1}^{2}(\Vert x_{1}\Vert_{\psi}^{2}+\Vert y_{1}\Vert_{\psi}^{2})$ .
$\frac{\Vert x_{1}+y_{1}\Vert_{\psi}^{2}+\Vert x_{1}-y_{1}\Vert_{\psi}^{2}}{2(||x_{1}||_{t/)}^{2}+||y_{1}\Vert_{\psi}^{2})}=\Lambda I_{1}^{2}$ .
, $C_{N}.;(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{1}^{2}$ . $\psi\leq\psi_{2}$ $C_{NJ}((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{2}^{2}$
$C_{NJ}’((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))$ , .
Proposition 3.2. $\psi\in\Psi_{2}$ $\psi\leq\psi_{2}$ , $C_{NJ}’((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=\Lambda I_{2}^{2}$ .
$I_{7Y}^{J})0.f\cdot$. $\psi_{2}(t)/\psi(t)$ $[$0,1 $]$ $M_{2}=\psi_{2}(t_{0})/\psi(t_{0})$ $t_{0}(0\leq t_{0}\leq 1)$
. to
$x_{0}= \frac{1}{\psi(t_{0})}(1-t_{0}, t_{0}),$ $y_{0}= \frac{1}{\psi(t_{0})}(1-t_{0}, -t_{0})$
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$\Vert x\Vert_{\psi}=\Vert y\Vert_{\psi}=1$
$\frac{\Vert x_{0}+y_{0}\Vert_{\psi}^{2}+\Vert x_{0}-y_{0}\Vert_{\psi}^{2}}{4}=\frac{4(1-t_{0})^{2}+4t_{0}^{2}}{4\psi(t_{0})^{2}}=\frac{\psi_{2}(t_{0})^{2}}{\psi(t_{0})^{2}}=M_{2}^{2}$ .
, $C_{NJ}’((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))\geq M_{2}^{2}$ , , $C_{NJ}’((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))\leq C_{NJ}(X)=M_{2}^{2}$
, $C_{NJ}’(X)=M_{2}^{2}$ . $\square$
$\psi\geq\psi_{2}$ .
Example 3.3.
$\psi(t)=\{\begin{array}{ll}\psi_{2}(t) (0\leq t\leq 1/2)(2-\sqrt{2})t+\sqrt{2}-1 (1/2\leq t\leq 1)\end{array}$
$\psi\in\Psi_{2},$ $\psi\geq\psi_{2}$
$\Vert(z, w)\Vert_{\psi}=\{\begin{array}{ll}\sqrt{|z|^{2}+|w|^{2}} (|z|\geq|w|)(\iota^{\Gamma_{2-}}1)|z|\dashv-|u\prime| (|z|\leq|w|)\end{array}$
. $x,$ $y\in s_{(\mathbb{C}^{2},||\cdot\Vert_{\psi})}$ $\Vert x+y\Vert_{\tau/}|=\Vert x+y\Vert_{2}$ $\Vert\prime x-y\Vert_{\psi},$ $=$
$\Vert x-y\Vert_{2}$ . $\Vert x+y\Vert_{\psi}=\Vert,\prime r+y\Vert_{2}$
$\frac{\Vert x+y\Vert_{\psi}^{2}+\Vert x-y\Vert_{\psi}^{2}}{4}\leq\frac{\Vert x+y\Vert\frac{9}{2}+M_{1}^{2}\Vert\prime x-y\Vert_{2}^{2}}{4}$ .
$\Vert x\Vert_{2}\leq\Vert x\Vert_{\psi}=1,$ $\Vert y\Vert_{2}\leq\Vert y\Vert_{\psi}=1$
$\frac{\Vert x+y\Vert_{2}^{2}+M_{1}^{2}\Vert x-y\Vert_{2}^{2}}{4}\leq\frac{\Vert\prime x+y||_{2}^{2}+\Lambda I_{1}^{2}||x-y\Vert_{2}^{2}}{2(||x\Vert_{2}^{2}+\Vert y\Vert_{2}^{2})}$ .
$M_{1}>1$
$\frac{\Vert x+y||_{2}^{2}+M_{1}^{2}||x-y\Vert_{2}^{2}}{2(||x\Vert_{2}^{2}+\Vert y\Vert_{2}^{2})}<\frac{M_{1}^{2}(||x+y\Vert_{2}^{2}+\Vert x-y\Vert_{2}^{2})}{2(\Vert x\Vert_{2}^{2}+\Vert y\Vert_{2}^{2})}=M_{1}^{2}$ .
$(\Vert x+y\Vert_{\psi}^{2}+\Vert x-y\Vert_{\psi}^{2})/4<M_{1}^{2}$ . $\Vert x-y\Vert_{\psi}=\Vert x-y\Vert_{2}$
$(\Vert x+y\Vert_{\psi}^{2}+\Vert x-y\Vert_{\psi}^{2})/4<M_{1}^{2}$ $C_{NJ}’(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi})<M_{1}^{2}$ .
$\psi\geq\psi_{2}$ , $C_{/}’NJ$ $(\mathbb{C}^{2}, \Vert \Vert_{\psi})=M_{1}^{2}$
. $C_{NJ}’(X)=M_{1}^{2}$ .
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Theorern 3.4. $\psi\geq\psi_{2}$ ,
$\psi(s)=\psi_{2}(s),$ $\psi(t)=\psi_{2}(t)$ )
$($ $)u= \frac{\psi(s)t+\psi(f_{-})s}{\psi(s)+\psi(t)}$ $M_{1}= \frac{\psi(u)}{\psi_{2}(u)}=\frac{\psi(1-\tau\iota)}{\psi_{2}(1-u)}$
$($ $)v= \frac{\psi(s)t+\psi(t)s}{\psi(t)-(1-2t)\psi(s)}$ $M_{1}= \frac{\psi(v)}{\psi_{2}(v)}=\frac{\psi(1-v)}{\psi_{2}(1-v)}$
$s,$ $t(0\leq s<t\leq 1)$ $C_{NJ}’(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi})=M_{1}^{2}$ .
$C_{NJ}’’(\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi})=M_{1}^{2}$ $\psi(s)=\psi_{2}(s),$ $\psi(t)=\psi_{2}(t)$ $($ $)$ $($ $)$
$s,$ $t(0\leq s<t\leq 1)$ .
, [6] $\psi$ $\psi_{2}$
.
Tbeoreri13.5. $\psi\in\Psi_{2}$ $t(0\leq t\leq 1)$ $\psi(t)=\psi(1-t)$ ,
$M_{\rceil}= \frac{\psi(1/2)}{\psi_{2}(1/2)}$ $\mathfrak{h}/l_{2}=\frac{\psi_{2}(1/2)}{\psi(1/2)}$
$\mathfrak{c}_{N./}^{\gamma}’((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{\rceil}^{2}M_{2}^{2}$ .
, $C_{NJ}’$ $((\mathbb{C}^{2}, \Vert \Vert_{\psi}))$ .
Proposit,ion 3.6. $\psi\in\Psi_{2}$ $t(0\leq t\leq 1)$ $\psi(t)=\psi(1-t)$
, $j\iota l_{1}=\psi(1/2)/\psi_{2}(1/2)$ $C_{NJ}^{\urcorner\prime}((\mathbb{C}^{2}, \Vert\cdot\Vert_{\psi}))=M_{1}^{2}M_{2}^{2}$
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